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Abstract

We study the effect of a binding minimum wage on labor market outcomes, the

accumulation of capital and welfare. We consider a large firm that invests in physical

capital and hires several types of workers. Labor markets are characterized by search

and matching frictions, while incomplete wage contracts allow workers to appropriate

part of the return on each factor. Absent a minimum wage, the model in general gives

rise to inefficient levels of capital and employment. We show that, when labor types

are substitutes, the introduction of a binding minimum wage has positive effects on

capital and positive and small effects on employment, and these effects depend on the

ability of the minimum wage to deter rent appropriation by workers.
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1 Introduction

The available empirical evidence on the effects of minimum wages on employment

has challenged the traditional models of the labor market and highlighted the need for

alternative views of how this market works. Two reasons support this statement. First,

although common wisdom suggests that a minimum wage should have a negative effect

over employment, there is an extensive empirical literature on this topic that suggests

a weak—or even a positive—relation between the two variables. Card and Krueger

(1994) is the seminal contribution that led to a rapid expansion of this literature, which

mainly challenges the neoclassical view that increases in the regulatory minimum level

necessarily lead to a decrease in employment (Stigler, 1946).1 Second, as Teulings

(2000) points out, the weak response of employment to an increase in the minimum

wage could be reconciled with standard neoclassical models if substitutability between

types of labor (that differ, for example in skills) is low. This is at odds, however,

with direct evidence that suggests that substitutability is actually quite high. Teulings

(2000) refers to this puzzle as the minimum wage paradox.

In this paper, we show that the presence of a binding minimum wage can be con-

sistent with a response of employment in line with the empirical literature mentioned

before when different labor types are substitutes in production. To do so, we intro-

duce a binding minimum wage into a “large-firm” framework in which there are two

types of labor used in the production of final goods and labor markets are character-

ized by search frictions. Our model is able to generate situations where a minimum

wage has a small positive impact on the employment level of workers earning the min-

imum. Moreover, this positive impact on employment is stronger for higher degrees of

substitutability between labor types.2

Our choice of the model setup is motivated by a growing literature that has shown

1Card and Krueger (1994) exploit a difference-in-difference approach to study the impact of an increase
in the New Jersey’s minimum wage on the employment level of fast-food restaurants by using establishments
of the same industry in Pennsylvania as a control group. Their conclusion is that the rise in the minimum
wage did not seem to reduce employment. Similar conclusions have been reached in other studies for
the United States, such as Katz and Krueger (1992), Card (1992b) and Card (1992a), while Machin and
Manning (1994), Machin and Manning (1996), Stewart (2004b) and Stewart (2004a) obtain similar results
for the United Kingdom, and Dolado et al. (1996) for France, the Netherlands and Spain. Negative effects
over employment may sometimes be found by some authors, especially in the case of young workers (e.g.
Linneman (1982), Currie and Fallick (1996), Dolado et al. (1996), Burkhauser et al. (2000) and Portugal and
Cardoso (2006)) or vulnerable sectors (e.g. Machin et al. (2003) and Machin and Wilson (2004)).

2The literature has stressed the importance of minimum wages for wage inequality. See for instance Lee
(1999), Teulings (2000), Manning (2003) and Autor et al. (2010), among others. In particular, this literature
emphasizes the presence of spill-over effects on the wage of workers not directly affected by minimum wages.
Our model is able to generate these effects through an increase in the demand for high-wage workers. See
Section 5.
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that the quality of labor relations is a determinant of labor market outcomes.3 The

large-firm framework is a natural way to embed labor tensions into a standard search

and matching model: although it is a simple extension of Pissarides (1985) matching

model to a multi-factor framework, it brings out a rich set of strategic interactions be-

tween factors in wage bargaining, allowing for the possibility of appropriation between

different labor types, capital and the firm. The setup relies on contract incompleteness

and wage renegotiation. Stole and Zwiebel (1996b) and Stole and Zwiebel (1996a) have

shown that, in this context, firms ex ante choose a specific organizational structure in

order to influence the outcome of the bargaining process ex post. This may occur for

instance because the firm aims at limiting the effect of appropriation by workers as

in Grout (1984)—the so called “holdup” problem. We model these inefficiencies in

a framework with search and matching frictions as in Bertola and Caballero (1994),

Smith (1999), Bertola and Garibaldi (2001) and Cahuc et al. (2008), among others, and

ask how labor and capital demands react to the introduction of a binding minimum

wage in this setup.

In our setup, the introduction of a minimum wage may imply an increase in em-

ployment, and even an increase in the demand for workers earning the minimum wage.

Two mechanisms explain this result. First, our model economy is characterized by a

standard holdup problem, yielding lower incentives to invest in physical capital when

capital and labor are complements.4 When the minimum wage is binding, part of the

disincentives to accumulate capital are eliminated, since the firm no longer underin-

vests as a way to reduce the wage of workers earning the minimum regulatory level.

This increase in capital demand in turn tends to increase labor demand through the

complementarity between the two factors. We call this mechanism the capital demand

effect.

A second mechanism, which we call the rent appropriation effect, may also imply an

3Blanchard and Phlippon (2006) document a robust negative cross-country correlation between an index
of the quality of labor relations and unemployment. They argue that lack of trust produces bargaining
failures, which results in higher unemployment. Similarly, David et al. (2010) suggest that depressed labor
markets make individuals invest in non-professional forms of social capital, which amplifies unemployment
issues. These channels in turn determine labor-market regulation. Indeed, according to Aghion et al. (2010),
the minimum wage is higher in countries where cooperation between workers and employers is weak because
parties do not trust each other in wage negotiation. Algan and Cahuc (2009) argue that trustful relationships
lead an economy to provide labor-market insurance through unemployment benefits, while economies with
lack of civic virtue rely more on employment protection.

4The assumption that capital and labor are complements is in line with US data. Krusell et al. (2000)
estimate a production function for the US that includes two types of capital, structures and equipment, and
two types of labor, skilled and unskilled. They find that, although the elasticity of substitution is higher
between capital equipment and unskilled labor than between capital equipment and skilled labor, capital
equipment is a complement of both types of labor. This is also true for capital structures.

3



increase in employment when the different types of labor considered in the production

function are substitutes. Cahuc et al. (2008) have shown that, absent a minimum wage,

the firm chooses to overemploy one type of labor in order to reduce the wage of the

other type: because the equilibrium wage depends on the marginal product of labor

under Nash bargaining, overemployment allows to reduce the other type’s wage by

decreasing its marginal product. Unfortunately for the firm, this leads to an additional

appropriation problem as the overemployed workers claim part of the decrease in the

other type’s wage rate when they negotiate with the firm. In a context where the wage

of one type of workers is fixed by regulation, rent appropriation by those workers is no

longer possible. Thus, overemploying these workers becomes a more attractive option

for the firm to affect the wage of the other type.

In light of our results, minimum wages may serve as a potential explanation for the

higher capital-output ratios observed in Continental Europe as compared to the US.5

The suggestion that labor market institutions may be responsible for the higher capital-

output ratios observed in Europe is not new in the literature. Standard explanations

rely on capital-labor substitution: an increase in the relative cost of labor forces firms to

substitute away from labor and towards capital, as argued in Caballero and Hammour

(1998). However, a mechanism based on minimum wages can hardly account for an

increase in capital if it has to generate a small or positive impact on employment

simultaneously. Our paper shows that both employment and capital may increase

following the introduction of a minimum wage.6

The literature on the economic effects of minimum wages is vast. The lack of clear-

cut evidence supporting a negative effect of minimum wages on employment has favored

the popularity of theoretical models that predict a positive effect as an alternative to

the neo-classical framework. An example is the monopsony model, where employment

is increased through an increase in labor supply without labor demand being necessarily

5Data from Caselli and Feyrer (2007) shows that the capital-output ratio is 36% larger in France than
in the US, 29% in Spain and 22% in the Netherlands. See also Hall and Jones (1999). At the same time,
those countries are also characterized by higher minimum wages. Data from the OECD reveals that the
ratio of minimum to median wage of full-time workers is 36% in the US, while it is 56% in France, 43% in
Spain and 51% in the Netherlands. In other countries such as Germany and Italy, there is no minimum wage
regulation for most sectors of the economy. Instead, wages are determined through collective bargaining.
In our model, as long as collective bargaining imply that individual firms take the stream of future wages
as given, it should generate similar results on employment and capital accumulation as a minimum wage.
According to the OECD, the proportion of workers covered by collective agreements is 92% in Germany,
82% in Italy and 18% in the US.

6Because a minimum wage helps deter rent appropriation by workers, it may also generate an increase in
measures of aggregate welfare. Our paper is not the first to show welfare-improving properties of minimum
wages. See Flinn (2006) and the references therein.
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affected.7 In our paper, employment increases through an increase in labor demand.

This increase in labor demand even occurs at the microeconomic level, in the sense

that this result does not rely on any general-equilibrium mechanism, and may include

the labor type for which the minimum wage is binding.

Our analysis is closely related to the work of Smith (1999). This paper also studies

the effect of a minimum wage in the context of a large-firm search model with firm entry

and exit.8 In his model, firms hire one type of labor and the production function dis-

plays decreasing returns to scale. Those assumptions generate two effects. First, firms

tend to overemploy workers in order to decrease wages by decreasing their marginal

product. Second, overemployment creates a negative externality that forces some firms

out of the industry by increasing the labor-market search cost. As a result, there are

too few firms in the economy and they are inefficiently too large. By introducing a

minimum wage, it is possible to eliminate this inefficiency: firms stop overemploying,

which increases firm entry and aggregate employment. However, the seminal study of

Card and Krueger (1994) shows a positive effect of the minimum wage on firm size and

no significant effect on the number of firms. Our results are consistent with Card and

Kruger’s findings.

Our paper is also related to the literature that discusses the effect of a minimum

wage on capital accumulation. In a context with search frictions, Acemoglu and Shimer

(1999) show that the holdup problem is avoided if the wage rate (as a function of the

capital stock) is constant in the neighborhood of the efficient capital stock. In our

model, introducing a minimum wage allows to fulfill this necessary condition. Acemoglu

(2001) builds a model where firms open too few capital-intensive jobs because workers

appropriate part of the return on capital. The introduction of a binding minimum

wage helps correct for this externality and enhances the creation of capital-intensive

jobs. However, an increase in the minimum wage always results in an increase in

unemployment in his model, while the effect is marginally negative in the context

7In the monopsony model, the firm has some market power over workers, which allows it to fix wages
below the competitive level. Because the slope of the labor supply curve is positive, the introduction of
a binding minimum wage increases employment by enhancing the incentives to supply more labor. The
marginal impact on employment remains positive as long as the minimum regulatory level does not go
beyond the competitive wage. The consequences of a minimum wage are similar in the oligopoly extension
of the basic monopsony model and in its version with search frictions. See e.g. Boal and Ransom (1997),
Burdett and Mortensen (1998), and Manning (2003).

8Acemoglu and Hawkins (2014) recently extended the analysis in Smith (1999) by considering convex
vacancy costs. This extension allows to generate the realistic feature of slow employment growth at the
firm level. See also Ebell and Haefke (2009), Felbermayr and Prat (2011) and Janiak (2013). In a model
without firm entry, Elsby and Michaels (2013) also match key properties of the cross-sectional distributions
of employment and employment growth. However, none of these papers consider the impact of a minimum
wage.
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of our model. Moreover, our model considers a richer set of strategic interactions

between workers, the firm and capital. Similarly, Kaas and Madden (2008) illustrate

the beneficial effects of a minimum wage for capital investment in the context of an

oligopsonistic model, but they do not obtain a positive effect on employment.

The rest of the paper is organized as follows. In Section 2 we describe the model.

Section 3 characterizes the equilibrium. The implications of a minimum wage for

welfare are analyzed in Section 4. In Section 5, we illustrate the quantitative impact of

a minimum wage over factor demands, wages, profits and welfare. Section 6 concludes.

2 The model

We consider an economy in steady state, where time is continuous and discounted at

a rate r and agents are risk neutral. For notational simplicity, we suppress the time

indices t when describing the economy and analyzing the equilibrium, while we denote

by primes variables evaluated at time (t+ dt), where dt is an arbitrarily small interval

of time.

2.1 A representative firm

Output is produced by a representative firm. The firm hires two types of workers

in quantities nh and nl and owns capital in quantity k. The constant-returns-to-

scale production function f is increasing and concave in each argument.9 Standard

Inada conditions are assumed such that an equilibrium exists on all markets for inputs,

independently of the flow value of being unemployed.

Without loss of generality, we assume that the first type of labor is the most pro-

ductive one, in the sense that it supplies more efficiency units than the other group.

We refer hereafter to the two types of labor as “high productivity” and “low produc-

tivity” workers respectively, hence the subscripts h and l. We interpret these types as

corresponding both to unskilled labor but with varying job characteristics.

2.2 Labor

There are two labor markets corresponding to the two types of labor the firm hires.

The mass of each type of workers is equal to ςi with i ∈ {l, h}. A high-productivity

worker cannot hold a low-productivity job and vice versa.

9We consider constant returns to scale because, under decreasing returns to scale, new firms would have
incentives to enter since profits would be positive. The comparative statics of Section 2.7 are still valid under
decreasing returns to scale.
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Workers on each market can be either employed or unemployed. The presence

of search and matching frictions explains the existence of unemployment on the two

markets (in quantities uh and ul respectively). Firms post vacancies at a flow cost c in

order to hire workers. We denote by vi, i ∈ {h, l}, the mass of posted vacancies by the

representative firm on each labor market, while Vi, i ∈ {h, l}, is the aggregate mass of

vacancies in the economy. In equilibrium, vi = Vi, but the representative firm takes

Vi as given while vi is a control variable. Vacancies on market i, i ∈ {h, l}, are filled

at a rate q(θi) that depends negatively on the labor market tightness θi ≡ Vi
ui

, i.e. the

vacancy-unemployment ratio. This rate is derived from a matching function m(ui, Vi)

with constant returns to scale, increasing in both arguments, concave and satisfying

the property m(ui, 0) = m(0, Vi) = 0, implying that q(θi) = m(ui,Vi)
Vi

= m(θ−1
i , 1).

Separations occur at an exogenous rate s.10

2.3 Prices

Workers choose to earn either the minimum wage w̄ or negotiate à la Nash with the

firm. There is continuous wage renegotiation.11 If they choose to bargain, they obtain

the negotiated wage w̆i(nh, nl, k). We denote by χi the fraction of i-type workers

who negotiate their wage with the firm: because workers may be indifferent between

earning the minimum wage or bargaining the wage with the firm in equilibrium, they

randomize according to a mixed strategy, where the probability they bargain with the

firm is χi.
12 The probability χi is endogenous and determined through arbitrage.13

We also denote by n̄j = (1− χj)nj and n̆j = χjnj the mass of workers who choose to

earn the minimum wage and negotiate their wage with the firm respectively.

Hence, the expected wage wi(nh, nl, k) paid to a worker of type i is

wi(nh, nl, k) = χiw̆
i(nh, nl, k) + (1− χi)w̄. (1)

Notice that our notation for wages explicitly emphasizes their dependence on the

10For notational simplicity we assume that the parameters s, b, c and the function m is common across
labor groups. However, all the results presented in the next sections go through when those parameters and
functions are allowed to differ across groups.

11See Hawkins (2015) for a model that considers commitment over wages.
12For some values of the minimum wage, it may happen that no equilibrium in pure strategy exists. The

intuition is the following: consider the case where a minimum wage is introduced, this minimum wage is
marginally binding and it causes an increase in labor demand. Then, a contradiction would arise since
workers would renegotiate higher wages because of the increase in labor demand, but this requires the
minimum wage to be binding at the same time. Hence, no equilibrium in pure strategy would exist in this
case, but an equilibrium in mixed strategy does.

13Section 3 gives further details on the determination of χi in equilibrium.
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employment levels nh and nl and the capital stock k: the firm may choose a particular

level of employment or capital before wages are negotiated in order to influence the

outcome of the bargaining process ex post.14 For example, Smith (1999) shows that

when the production function is concave in each factor, the firm may choose to overem-

ploy in order to reduce wages through a reduction in the marginal product of labor15.

Cahuc and Wasmer (2001a) and Cahuc et al. (2008) show that the complementarity

(substitutability) between different types of labor may induce the firm to underemploy

(overemploy) one type of labor in order to reduce the wage of other workers.

Finally, the purchase of a unit of capital is priced one unit of final good and capital

depreciates at a rate δ.

2.4 Value functions

The present-discounted value of profits of the representative firm is

Π(nh, nl, k) = max
{vh,vl,a}

(2)

1
1+rdt

([
f(nh, nl, k)−

∑
j={h,l}

[
wj(nh, nl, k)nj + vjc

]
− a
]
dt+ Π(n′h, n

′
l, k
′)
)
,

subject to the constraints

ṅi = q(θi)vi − sni, ∀i ∈ {h, l} (3)

and

k̇ = a− δk, (4)

where a denotes investment in physical capital and dt is an arbitrarily small interval

of time. We specifically consider the case where dt tends to zero.

The value of being unemployed for an i-type worker follows a standard formulation

and reads in steady state as

14We assume that the firm acquires capital before wages are bargained, and that the capital stock of
the firm cannot be adjusted while wage negotiation occurs. If capital could be freely adjusted, the holdup
problem would not be present, see Cahuc and Wasmer (2001a) for a discussion.

15We refer to a situation of overemployment when (in partial equilibrium) the firm hires a quantity of
labor larger than the level that would prevail under a situation where the firm takes the stream of future
wages as given. Similarly, when employment is below that level, we refer to a situation of underemployment.
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rUi = b+ θiq(θi) [Wi − Ui] , (5)

with b the flow utility of being unemployed, while the value of being employed

follows

Wi = max{W̆i, W̄i}, (6)

where W̆i is the value if a worker chooses to negotiate,

rW̆i = w̆i(nh, nl, k) + s [Ui −Wi] , (7)

and W̄i is the value when a worker chooses to earn the minimum wage,

rW̄i = w̄ + s [Ui −Wi] . (8)

2.5 Intra-firm Nash bargaining

In a context with mixed strategies, a worker randomizes between negotiating the wage

with the firm with probability χi and earning the minimum wage with probability

(1 − χi). Consequently, for the purpose of the negotiation, only the mass of workers

participating in the negotiation process n̆i = χini is relevant. The remaining mass

n̄i = (1 − χi)ni is taken as a given input in the production function, since their wage

is exogenously determined and given by the minimum wage w̄.

Denote by fx(x, y) the partial derivative of a function f with respect to argument x,

i.e., fx = ∂f(x,y)
∂x . The wage rates under Nash bargaining w̆i(·) are determined following

a standard Nash bargaining rule and solve:

βΠn̆i = (1− β)
[
W̆i − Ui

]
, ∀i ∈ {h, l}, (9)

where W̆i is defined in (7) and the firm’s surplus Πn̆i is calculated by applying the

envelope theorem to (2)16:

Πn̆i =
fni − w̆i −

∑
j∈{h,l} w̆

j
n̆i
n̆j

r + s
, ∀i ∈ {h, l}.

The equation above describes the marginal value a negotiating worker brings to the

firm. It is equal to the discounted sum of marginal profits, taking into account that

hiring this marginal worker affects the wage of all negotiating workers (the last term

16For ease of notation, we have avoided specifying the arguments of functions Π, f and w̆i. Notice that,
since ni ≡ n̆i + n̄i, fn̆i = fni .
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in the equation above). Notice that, because a fraction (1 − χj) of workers earn the

minimum wage, the marginal worker only affects the wage of a share χj of workers.

Hence, the lower χj , the more limited the ability of the firm to act strategically.

The Nash solution for the negotiated wage reads as

w̆i(nh, nl, k) = βfn̆i + (1− β)rUi − β
∑

j∈{h,l}

w̆jn̆i n̆j , ∀i ∈ {h, l}. (10)

The wage equation (10) differs from the standard equation from Pissarides (1985)

through the last term. Under Nash bargaining, workers can appropriate part of the

decrease in wages of the other workers. This explains the difference between the wage

equation (10) and the standard one. Notice that the lower χj is, the lower is the size of

this additional term, because the set of wages that can be affected through intra-firm

bargaining is smaller. This suggests that the minimum wage may affect the strategic

behavior of the firm through a rent-appropriation effect.

Expression (10) states a system of nonlinear differential equations in w̆i. The fol-

lowing proposition characterizes the solution to this system.

Proposition 1. The negotiated wage of an i-type worker is

w̆i(nh, nl, k) = βΩ̆ifni + (1− β)rUi, ∀i ∈ {h, l} (11)

where

Ω̆i =

∫ 1
0 fniζzi (nhζ

z
h, nlζ

z
l , k) ϕ̆(z)dz

fni(nh, nl, k)
, (12)

ζzi = χiz + 1− χi,

ϕ̆(z) =
1

β
z

1−β
β .

Proof. See Appendix A.1.

As in Cahuc et al. (2008), the wage equation (11) differs from the one-worker-per-

firm wage equation by the presence of Ω̆i. We provide intuition for this term in Section

2.7.

2.6 First-order conditions of the firm

The first-order conditions for vacancy posting and capital investment are, respectively,

10



c

q(θi)
=
fni(nh, nl, k)− wi(nh, nl, k)−

∑
j∈{h,l}w

j
ni(nh, nl, k)nj

r + s
, ∀i ∈ {h, l}, (13)

and

r + δ = fk(nh, nl, k)−
∑

i∈{h,l}

wik(nh, nl, k)ni (14)

The vacancy-posting conditions (13) equate the expected search cost of hiring a

worker of type i to the discounted sum of profits that the marginal worker brings

to the firm after being hired. They differ from the condition of the standard model

with one worker per firm (Pissarides, 1985) through two strategic effects. First, the

employment level of group imay affect the wage of that group. Incentives to overemploy

may appear when the production function is concave in ni (Smith, 1999). Second, the

employment level of group i may affect the wage of the other group j 6= i. Incentives to

overemploy may appear when factors are substitutes and underemployment may result

from complementarity between factors (Cahuc et al., 2008).

The capital investment condition (14) equates the opportunity cost of capital to the

marginal income of capital. The latter differs from its neoclassical counterpart through

the effect on wages: depending on the complementarity/substitutability of capital with

labor, the representative firm may choose to underinvest/overinvest in order to reduce

wages.

2.7 Front-load factors

Conditions (13) and (14) depend on the negotiated wages w̆h and w̆l through equation

(1). The following proposition characterizes the vacancy-posting conditions and the

capital investment condition considering the solution for negotiated wages given by

expression (11).

Proposition 2. The vacancy-posting conditions and the capital investment condition

read respectively as

(r + s)
c

q(θi)
= Ωifni − wi(nh, nl, k), ∀i ∈ {h, l} (15)

and

r + δ = Ωkfk, (16)
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with

Ωi = χiΩ̆i + (1− χi)Ω̄i, ∀i ∈ {h, l} (17)

where Ω̆i is defined as in (12), and Ω̄i and Ωk are

Ω̄i =

∫ 1
0 fniζzi (nhζ

z
h, nlζ

z
l , k) ϕ̄(z)dz

fni
, (18)

Ωk =

∫ 1
0 fk (nhζ

z
h, nlζ

z
l , k) ϕ̄(z)dz

fk
, (19)

ϕ̄(z) =
1− β
β

z
1−2β
β .

Proof. See Appendix A.2.

Notice the presence of the front-load factors Ωi > 0 and Ωk > 0 in equations

(15) and (16). Their presence is the outcome of the strategic interactions between

workers and the representative firm in bargaining. When Ωi for any i ∈ {h, l} takes a

value larger than one, we refer to this situation as a situation of overemployment, in

the sense that the firm employs a quantity of i-type workers larger than in the case

where the firm considers future wages as given. Underemployment of factor i appears

when the respective factor is lower than one. Similarly, the values of Ωk illustrate how

investment by the representative firm responds to contract incompleteness: we refer to

overinvestment when Ωk > 1 and underinvestment when Ωk < 1.

To provide intuition for the values of Ωi, Ωk, Ω̆i and Ω̄i, we will analyze some special

cases. In particular, we will study the case in which the minimum wage is not binding

for any labor group (i.e. χl = χh = 1), and the case in which there is only one labor

type.

2.7.1 Special case: no minimum wage earner

First, notice that, when χl = χh = 1, Ωi, Ω̆i and Ωk take the same form as in Cahuc

et al. (2008) as ζzl = ζzh = z:

Ωi = Ω̆i =

∫ 1
0 fniz (nhz, nlz, k) ϕ̆(z)dz

fni
,

Ωk =

∫ 1
0 fk (nhz, nlz, k) ϕ̄(z)dz

fk
,
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while, from (17), the value of Ω̄i becomes irrelevant.

Ωi is the ratio of two elements: its denominator is the marginal product of labor,

while its numerator is a weighted average of the infra-marginal products, where the

weights in the integral are given by the density ϕ̆(z), with
∫ 1

0 ϕ̆(z)dz = 1. Notice that

Ωi = 1 when ϕ̆(z) has a mass point around z = 1 and ϕ̆(z) = 0 for all z < 1, since the

numerator is equal to the denominator in this case. Ωi is also equal to one when the

marginal product of i-type labor is independent of ni and nj . For other values of ϕ̆(z)

and with a non-linear production function, Ωi may differ from one.

Three effects may drive the value of the front-load factors away from one.17 First,

the concavity in ni of the production function tends to increase their value: the

more concave the production function is, the larger are the incentives for the firm

to overemploy i-type workers in order to reduce their wage. Second, the substitutabil-

ity (complementarity) with j-type workers tends to increase (decrease) the value of Ωi:

overemployment (underemployment) allows to decrease the wage of j-type workers by

decreasing their marginal product. Third, the shape of the density ϕ̆(z) also affects the

values of Ωi by weighting the different infra-marginal products of labor at a different

intensity. Specifically, when the bargaining power of workers is large, the representative

firm has more incentives to reduce wages.

Moreover, under Nash bargaining the negotiated wage is a function of the capital

stock. Because workers do not share in the cost of ex ante investments in the absence of

binding wage contracts, this leads to underinvestment (overinvestment) when capital

is complementary (substitutable) to labor: the representative firm anticipates that

investing more (less) in physical capital amounts to bargaining to a higher wage.

2.7.2 Special case: one labor type

Consider the case where χi may differ from 1, but we only have one labor type. In

this case, a first difference with respect to Cahuc et al. (2008) appears: the front-load

factor Ωi becomes an average of the front-load factor for negotiating workers Ω̆i and

the front-load factor for minimum wage workers Ω̄i, as shown in equation (17).

With the change of variable x = ζz, these front-load factors can be interpreted more

easily:

Ωk =

∫ 1
0 fk (nx, k) ψ̄(x)dx

fk
,

Ω̆ =

∫ 1
0 fnx (nx, k) ψ̆(x)dx

fn
and Ω̄ =

∫ 1
0 fnx (nx, k) ψ̄(x)dx

fn
,

17See Cahuc et al. (2008) and Cahuc and Wasmer (2001a) for more details.
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Figure 1: The effect of χ on the ψ̆(x) density, examples with β = 1/2

with

ψ̆(x) =

0 if x < 1− χ
(x−1+χ)

1−β
β

βχ1/β if x ≥ 1− χ

and

ψ̄(x) =


0 if x < 1− χ
(1−β)(x−1+χ)

1−β
β

βχ
1−β
β

if x ≥ 1− χ

where the subscripts i are not considered since we only have one labor type. Notice

that the densities ψ̆(x) and ψ̄(x) fulfill the property
∫ 1

0 ψ̆(x)dx =
∫ 1

0 ψ̄(x)dx = 1.

The front-load factors have a structure similar to the one in Cahuc et al. (2008) with

the difference that the share of negotiating workers χ has an effect on the density that

appears in the integral. In particular, the lower the value of χ is, the more concentrated

are the ψ̆(x) and ψ̄(x) distributions around x = 1. Figure 1 depicts examples of the

ψ̆(x) density for β = 1
2 and several values of χ.

The effect of χ on the densities suggests that the firm’s strategic behavior gets
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Figure 2: Comparing the ψ̆(x) and ψ̄(x) densities, example with β = 1/2 and χ = 1

more limited as the share of negotiating workers decreases. For example, when capital

and labor are complements, the firm chooses to underinvest (i.e. Ωk < 1); but, as χ

decreases and the distribution ψ̄(x) gets more concentrated around x = 1, underin-

vestment becomes weaker, generating an increase in the demand for capital: the lower

the fraction of workers that negotiate their wage with the firm is, the lower are the

effects that the wage negotiation exerts over the investment decision. This implies that

Ωk → 1 when χi → 0 for i ∈ {h, l}.18

There may also be situations where the firm’s strategic behavior actually gets ex-

acerbated. To understand when this may happen, first notice that the ψ̆(x) density

is more concentrated around x = 1 than ψ̄(x). Figure 2 illustrates this fact with an

example: it compares the ψ̆(x) density (solid line) with ψ̄(x) (dashed line) in the case

where β = 1
2 . This suggests that, ceteris paribus, overemployment (underemployment)

should be stronger in the case of minimum wage workers than in the case of negotiating

workers. The intuition for this is rent appropriation: negotiating workers claim part

of the change in the wage of other workers resulting from intra-firm bargaining, while

minimum wage workers do not. As a consequence, overemployment (or underemploy-

ment) may become stronger as χ decreases because rent appropriation by workers is

more limited. This can be observed in equation (17), where Ω depends more on Ω̄ than

18Notice also that, if χi → 0 ∀ i ∈ {h, l}, Ω̆i → 1 and Ω̄i → 1 ∀ i ∈ {h, l}, as in this case the firm cannot
strategically influence any wage rate.
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Ω̆ as χ decreases.

2.7.3 General case

In the general case with two labor types and χi that may differ from one, the front-

load factors are written as in (12), (17), (18) and (19). All the comparative statics and

interpretations in Sections 2.7.1 and 2.7.2 still hold with the additional ingredient that

the share of negotiating workers may interact with the fact that the two labor types

are substitutes or complements.

For example, when labor types are substitutes, the firm has incentives to overemploy

them. If χl decreases, the firm would have less incentives to overemploy h-type workers

because it would influence the wage of a lower fraction of l-type workers. In the

case of overemployment of l-type workers, the effect is ambiguous. On the one hand,

overemployment may be more limited as in the case of h-type workers. On the other

hand, lower rent appropriation by l-type workers may actually enhance the firm’s

strategic behavior, leading to higher overemployment.

3 Equilibrium

In general equilibrium, the labor market tightness θi and the present-discounted value

of being unemployed Ui are endogenous. The former is obtained in a standard way by

equating the flows in and out of employment, leading to the Beveridge relations

nh = ςh
θhq(θh)

s+ θhq(θh)
and nl = ςl

θlq(θl)

s+ θlq(θl)
, (20)

while, by combining equations (5)-(8), one can show that the value of unemployment

can be written as

rUi =
(r + s)b+ θiq(θi)w

i

r + s+ θiq(θi)
. (21)

To close the model, we also need to determine the equilibrium values for χl and

χh. These have to be consistent with the optimizing behavior of workers: the choice

by workers between negotiating with the firm or earning the minimum wage must be

the most attractive one. Arbitrage thus yields the following equilibrium condition:

Equilibrium condition 1. Workers’ wage strategy is optimal:

• The fraction χi = 1, i = {h, l}, is an equilibrium if w̆i > w̄.
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• The fraction χi = 0, i = {h, l}, is an equilibrium if w̆i < w̄.

• The fraction χi ∈ (0, 1), i = {h, l}, is an equilibrium if w̆i = w̄.

This yields the following definition of equilibrium:

Definition 1. A steady-state general equilibrium is a set of employment levels nh, nl,

a capital stock k, a set of fractions χl and χh of workers who earn the negotiated wage,

negotiated wage rates w̆h and w̆l and labor market tightness θh and θl such that the first-

order conditions (13) and (14), the wage equations (11), the value of unemployment

(21), the Beveridge relations (20) and Equilibrium condition 1 are satisfied, given a

minimum wage w̄.

Equilibrium condition 1 suggests the possibility of multiple equilibria. This is con-

firmed by Figure 3, which illustrates several examples of the determination of χ with

one type of labor. Each panel in the figure compares the value of the minimum wage

with the value of the negotiated wage as a function of χ to pin down possible equi-

libria. The upper left panel illustrates the case with one labor type, no capital and

a linear production function. In this case, because the minimum wage is higher than

the negotiated wage, nobody negotiates with the firm and the equilibrium value of χ

is zero. The two upper right panels illustrate the situation with decreasing returns

to scale and no capital. The production function is f(n) = nα, with α ∈ (0, 1). The

first example is characterized by multiple equilibria (two equilibria are in pure strategy

and one in mixed strategy), while the second example shows one equilibrium in pure

strategy.19 Finally, the bottom panels show the determination of χ for three values

of the minimum wage when the production function is f(n, k) = nαk1−α. There is

uniqueness in these cases. When the minimum wage is too low, χ equals one. When it

starts to bind, the unique equilibrium is characterized by mixed strategies. For higher

values of the minimum wage, χ is equal to zero.

In the numerical examples of Section 5, we focus only on situations where the

equilibrium is unique.

19Intuitively, multiple equilibria arise in this example due to a general-equilibrium effect. When agents
coordinate to a higher χ and a larger proportion of agents negotiate, the representative firm chooses to
overhire to reduce their wage because there are decreasing returns to labor. However, the firm does not
consider the effect on labor-market tightness in general equilibrium: overemployment pushes the tightness
upwards, which actually increases wages above the minimum wage. When the agents coordinate to a lower
value of χ, the opposite happens.
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Figure 3: Determination of χ: several examples

Notes: the upper left panel illustrates the case with one labor type, no capital and a linear produc-
tion function. The production function for the two upper right panels is f(n) = nα, with α ∈ (0, 1).
The bottom panel show the determination of χ for three values of the minimum wage when the
production function is f(n, k) = nαk1−α.
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4 Welfare

Our model is characterized by two types of inefficiencies. First, congestion externalities

are not necessarily internalized by the Nash bargaining rule as in Hosios (1990). Second,

appropriability distorts employment and capital decisions, as in Grout (1984) and

Cahuc et al. (2008) among others. Both inefficiencies may partly compensate each

other; for instance, the social losses of a large bargaining power, which leads to too

few vacancies in the standard model with one worker per firm, may be reduced by an

overemploying representative firm.

We now illustrate these ideas in the context of the constrained social planner prob-

lem.20 The value function characterizing the social planner’s solving problem is

V(nh, nl, k) = (22)

max{vh,vl,a}
1

1+rdt

([
f(nh, nl, k) + b

(∑
j={h,l} ςj − nh − nl

)
−
∑

j={h,l} vjc− a
]
dt+ V(n′h, n

′
l, k
′)
)
,

subject to the constraints (3), (4), θh = vh
ςh−nh and θl = vl

ςl−nl .

We show in Appendix A.3.1 that the first-order conditions for a maximum are, in

steady state,

c

q(θi)
=

(fni − b)(1− η(θi))

r + s− θ2
i qθi(θi)

, ∀i ∈ {h, l}, (23)

and

r + δ = fk, (24)

where η(θi) ≡ −
θiqθi (θi)

q(θi)
.

These optimality conditions can be compared to the vacancy-posting and capital-

investment conditions of the representative firm in the context of the steady-state

equilibrium given in Definition 1. This allows us to establish the following result on

the efficiency of the equilibrium:

Proposition 3. The constrained-efficient allocations are a set of employment levels nh

and nl, a capital stock k and labor-market tightness θh and θl such that the optimality

conditions (23) and (24) and the Beveridge relations (20) are satisfied.

Hence, a steady-state equilibrium is efficient if, ∀i ∈ {h, l},
20See also Smith (1999) and Cahuc and Wasmer (2001b).
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β =
Ω̆ifni − b−∆i(fni − b)(r + s)

Ω̆ifni − b+ ∆i(fni − b)θiq(θi)
for 0 < χi ≤ 1, (25)

w̄ = Ω̄ifni −∆i(r + s)(fni − b) for 0 ≤ χi < 1, (26)

Ωk = 1 for 0 < χi < 1, (27)

where ∆i = 1−η(θi)
r+s+θiq(θi)η(θi)

.

Proof. See Appendix A.3.2.

Condition (27) is a standard condition for an efficient capital allocation, while con-

dition (25) is an augmented Hosios-Pissarides condition, with (26) being its counterpart

in presence of a binding minimum wage. It is easy to show that both reduce to the

standard condition of a model with one worker per firm when Ω̆i = Ω̄i = 1, with

β = η(θi) when χi > 0 and w̄ = fni −∆i(r+ s)(fni − b) when χi = 0.21 When Ω̆i > 1,

a value for β larger than η(θi) is required in order to compensate for overemployment

by the representative firm. The opposite occurs when Ω̆i < 1.

A minimum wage can fill one of the efficiency conditions given in Proposition 3.

For example, condition (26) may be satisfied when the decentralized equilibrium wage

is inefficiently too low absent a minimum wage legislation. This happens when the

representative firm has incentives to overemploy (Ω̆i > 1) or when the share it obtains

under wage bargaining is too high, generating congestion on the vacancy side. Similarly,

condition (27) is satisfied when the minimum wage is binding for both labor groups. In

this case, intrafirm bargaining cannot take place, which alleviates the holdup problem.

However, these efficiency conditions are rarely satisfied together. Moreover, the

fulfilment of a subset of them does not necessarily produce an improvement in welfare.

It may be the case that reaching optimality on one market leads to augmented ineffi-

ciencies on another market. For example, implementing (26) in the case of low-wage

workers may induce the front-load factor for high-wage workers to deviate even more

from its social optimum. Similarly, implementing (27) on the capital market or (26)

on the market for high-wage workers may be too expensive if it requires increasing the

wage cost of l-type workers.

21It can be shown that, if Ω̄i = 1 and χi = 0, then

w̄ = η(θi)fni
+ (1− η(θi))b+ η(θi)θic.
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5 Quantitative analysis

The discussion in Section 2.7 emphasizes how the introduction of a binding minimum

wage affects the incentives to overemploy or underemploy by analyzing how the front-

load factors change with the policy. It is important to notice that, throughout the

analysis of the variation in the Ωi’s, all the levels of nh, nl and k are held constant. It

is tempting to extrapolate these results to the whole incentives to open up vacancies

and believe that, if a front-load factor increases (holding constant nh, nl and k), then

the marginal income of the respective factor increases too. However, we know that

this may not be true because of the possible complementarities or substitutabilities

between factors in the production process.

We now quantitatively assess how the factor utilization levels nh, nl and k vary

for different values of the exogenous minimum wage w̄. We start with the case of one

labor type in Section 5.1. This section shows that the capital demand effect alone

is enough for employment and capital to rise following an increase in the minimum

wage. Section 5.2 then extends this benchmark to two labor types to emphasize the

rent appropriation effect.

5.1 One labor type

The one-labor-type case is a special case of the more general model of Section 2 where

f(nh, nl, k) is assumed not to vary with nh and ςl and ςh are respectively set equal to

one and zero. Without loss of generality, we assume that the labor type hired by the

representative firm is l. We first calibrate the economy without a minimum wage to

the US. We then build a grid for different values of the minimum wage over the interval

(0, w̄max], where w̄max is the maximum value of the minimum wage such that nl > 0.

For each point of this grid, we compute relevant statistics such as the employment and

capital levels for the economy in steady state or a measure of welfare. The integrals

in the expression for the front-load factors in Proposition 1 and Proposition 2 are

approximated using a Gauss-Legendre quadrature.22

5.1.1 Calibration

When there is only one labor type, it turns out that the steady state of the economy

described in Section 2 is exactly the same as in Pissarides (2009) when Ωlfnl = 1,

even though Pissarides (2009) focuses on the standard one-worker-per-firm matching

model. For this reason, we take most of the parameter values from his calibration,

22See Appendix B for a description of the algorithm used to solve the model.
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Table 1: Calibration: parameter values

Parameter Value Description Target/Source

One labor type:
η 0.5 Matching func. elasticity Standard/Pissarides (2009)
β 0.5 Bargaining power Standard/Pissarides (2009)
m0 0.7 Matching function scale Job finding rate/Pissarides (2009)
r 0.004 Discount rate Interest rate/Pissarides (2009)
s 0.036 Job separation rate Job separation rate/Pissarides (2009)
b 0.71 Flow value of unemp. Pissarides (2009)
c 0.356 Vacancy cost Tightness/Pissarides (2009)
δ 0.0087 Capital depreciation 10% annual deprec./Gomme and Rupert (2007)
α 0.425 Production func. elasticity Labor share/Gomme and Rupert (2007)
A 0.327 TFP Ωlfnl

= 1
ςl 1 l population size Assumption
ςh 0 h population size Assumption

Two labor types:
η 0.5 Matching func. elasticity One labor-type case
β 0.5 Bargaining power One labor-type case
m0 0.7 Matching function scale One labor-type case
r 0.004 Discount rate One labor-type case
s 0.036 Job separation rate One labor-type case
b 0.71 Flow value of unemp. One labor-type case
c 0.356 Vacancy cost One labor-type case
δ 0.0087 Capital depreciation One labor-type case
α 0.425 Production func. elasticity One labor-type case
A 0.297 TFP 5.7% unemployment rate
π 2.02 Labor services for h Non-college earnings quartiles/BLS
ν 1 CES exponent Perfect substitutes
ςl 1 l population size Assumption
ςh 1 h population size Assumption
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which targets the US economy at a monthly frequency. In particular, we choose a

Cobb-Douglas structure for the matching function:

m(ςl − nl, Vl) = m0(ςl − nl)ηV 1−η
l , (28)

Regarding the parameters that are as in Pissarides (2009), we fix the discount rate

r = 0.004 , the value of leisure b = 0.71, the vacancy cost c = 0.356, the matching

function scale parameter m0 = 0.7 and the elasticity of the matching function η and

the bargaining power β equal to 0.5.

We also consider a Cobb-Douglas form for the production function:

f(nl, k) = An1−α
l kα. (29)

Because we want our calibration to be consistent with Pissarides (2009), we fix the

parameter A such that Ωfnl = 1. This produces a value for A = 0.327. The parameter

α is calibrated to obtain a realistic labor share. We rely on Gomme and Rupert (2007),

who document a labor share of 71.7%. The resulting value for α is 0.425, a bit above

the value considered by Cooley and Prescott (1995). Finally, we target a 10% capital

depreciation rate, which is consistent with evidence in Gomme and Rupert (2007),

implying δ = 0.0087.

The values of α and δ generate an investment share in aggregate output of 18.5%,

which is close to its data counterpart as documented in the NIPA tables. Other labor

market moments are of course consistent with Pissarides (2009): a 5.7% unemployment

rate, labor-market tightness equal to 0.72 and a 59.4% job finding rate.

These parameter values are reported in Table 1.

5.1.2 Results

Figure 4 shows how the equilibrium values of employment and the capital stock change

with the minimum wage. It also shows the values of the front-load factors for capital

and labor and a measure of welfare, which is the flow value displayed in equation (22).

The vertical dashed line on each panel of the figure refers to the level of the minimum

wage beyond which it is binding. To the left of this line, the minimum wage does not

bind and the allocations correspond to the case in which χi = 1 for i = h, l. To the

right of this line, χl < 123.

Absent a minimum wage, the representative firm overemploys and underinvests

(Ωl = 1.27 > 1 and Ωk = 0.63 < 1). Overemployment occurs because the production

function is concave in labor: by increasing employment the firm can reduce the marginal

23In Appendix C.1 we show the evolution of χl for different values of the minimum wage.
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Figure 4: One labor type case: factor utilization, front-load factors and welfare

Notes: The vertical dashed line refers to the level of the minimum wage beyond which it is binding

product of labor and the negotiated wage. Underinvestment occurs because of the

complementarity between labor and capital: the firm decreases the marginal product

of labor by owning a lower capital stock. When the minimum wage starts binding,

the share χl starts decreasing and both front-load factors converge towards one as the

value of the minimum wage increases, lowering the importance of overemployment and

underinvestment and improving welfare. This occurs because it becomes harder for the

firm to influence the value of the wage when χl decreases.

As a result, the firm invests more and the capital stock increases. Note that the

impact on capital is quite strong in this case: comparing the stock of capital of an econ-

omy without a minimum wage with the stock of an economy with a binding minimum

wage, the latter may be up to 120% higher than the former.

The impact on employment is much weaker. When the minimum wage starts bind-

ing, we observe an increase in employment that may amount to 3%. Employment then

remains relatively unchanged for most values of the minimum wage until it abruptly

falls for a value of the minimum wage that is too high. Notice that the increase in

employment occurs even though the front-load for labor decreases with the minimum

wage. The reason for this is due to the increase in the capital stock and the fact that

labor and capital are complements in the production function: as capital increases,

the marginal product of labor increases, providing incentives for the firm to hire more
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workers. This the capital demand effect.

Finally, if the minimum wage is too high, employment eventually decreases since

labor costs become too stringent, implying a decrease in labor demand. This negatively

impacts investment in capital too, because of the complementarity between capital and

labor.

5.2 Two labor types

5.2.1 Parametrization

We now consider the case with two labor types and reproduce a similar exercise in this

context. This will allow us to illustrate the rent appropriation effect of the minimum

wage. We consider a CES specification for the production function:

f(nh, nl, k) = [(πnh)ν + nl
ν ]

1−α
ν kα, (30)

where π > 1 in order to generate higher wages for h-type workers. The parameter π

can be interpreted as the amount of labor services provided by h-type workers, while

ν influences the elasticity of substitution between the two labor types.

Most of the parameter values we consider are as in the one-labor-type case. We

only recalibrate the TFP parameter so that the unemployment rate is the same as in

the previous exercise (5.7%).24 Moreover, we need to find appropriate values for the

amount of labor services provided by h-type workers and the parameter ν.

We interpret both labor types as coming from the same skill category. We fix a

value for ν = 1, implying that both labor types are substitutes (in the sense that

the cross-derivative in the production function is negative) and that the elasticity of

substitution is infinite25. We consider the first and the last quartile of usual weekly

earnings of full-time non-college workers provided by the BLS to calibrate the value

of π. In 2014, it is shown that high-school graduates on the last quartile earn 98%

more than graduates on the first quartile. In the case of workers in the category “Some

college or associate degree”, this difference is higher (113%), while it is lower in the

case of workers with less than a high-school diploma (81%), but the sample size for

this latter group is much smaller. Hence, we choose a value for π so that the wage of

h-type workers (interpreted as being on the third quartile) is twice the wage of l-type

workers (interpreted as being on the first quartile). This implies a value for π = 2.02.

Because of the quartile interpretation, we also fix ςl = ςh = 1.

All the parameter values are reported on Table 1.

24The labor income share and the investment-output ratio are also the same as in the previous exercise.
25Section 5.2.4 shows results for other values of ν.
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Figure 5: Two labor types case: factor utilization, front-load factors and welfare

Notes: The vertical dashed line refers to the level of the minimum wage beyond which it is binding

5.2.2 Results

Figure 5 shows how the equilibrium values of labor and capital utilization and the

front-load factors change for different values of the minimum wage in the two-labor-

type case.

The graphs on Figure 5 share many characteristics with the one-labor-type case.

Absent a binding minimum wage, the representative firm underinvests and overem-

ploys, with the same values for Ωl and Ωk as in the one-labor-type case. When the

minimum wage becomes binding for l-type workers, the holdup problem on capital

investment is alleviated, which encourages the firm to invest more. Consequently, Ωk

increases. Moreover, since capital is complementary to both labor inputs, the increase

in capital leads to an increase in the marginal productivities of h-type workers and

l-type workers and, as a consequence, to an increase in nh and nl. This is the same

capital demand effect described above in the one-labor-type case. Notice, however,

that the quantitative impact of the minimum wage on capital accumulation is lower

than in the one-labor-type case though it is still strong: the difference between the size

of the capital stock in an economy without a binding minimum wage and an economy

with a binding minimum wage may reach up to 48% versus 120% in the one-labor-type

case. The reason for this quantitative difference is due to the fact that the share of

negotiating workers in the entire population of workers is a fortiori higher because of
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Figure 6: Wages, profits and welfare

Notes: The vertical dashed line refers to the level of the minimum wage beyond which it is binding

the existence of h-type workers now.

A difference between Figure 4 and Figure 5 is that, while Ωl monotonically decreases

as the minimum wage increases on Figure 4, both Ωl and Ωh eventually increase beyond

a certain value for w̄ on Figure 5. Ωl even overshoots to become higher than its original

value in the economy without a minimum wage. Three effects explain the behavior of

Ωl. Two of these effects are responsible for the initial decrease in Ωl: i) the fact that the

production function is concave in nl gives incentives for the firm to overemploy l-type

workers in the economy without a minimum wage (Ωl > 1); ii) the substitutability

between labor types also leads to overemployment. When the minimum wage starts

binding, these incentives start disappearing and the firm overemploys less. As the

minimum wage increases, a third effect eventually dominates the first two—a rent

appropriation effect. Because minimum wage workers do not claim part of the change

in the wage of other workers, the firm can benefit more easily from the substitutability

between labor types and choose to overemploy l-type workers by more in order to

decrease the wage of h-type workers.

The decrease in Ωh when the minimum wage starts binding is due to the fact that

the firm exploits less the substitutability between factors to decrease the wage of l-type

workers. However, this mechanism is not strong enough to counteract the increase in

labor demand coming from an increase in the capital stock, as shown by the small
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increase in nh on the graph. Interestingly, when the minimum wage is binding, Ωh is

always lower than Ωl. This is a consequence of the rent appropriation effect, which

influences the hiring decision of l-type workers and does not play a role for hiring h-type

workers. Moreover, the impact on employment of h-type workers is also lower than

the impact on employment of l-type workers: the difference in employment between an

economy without a binding minimum wage and an economy with a binding minimum

wage may reach up to 0.1% in the case of h-type workers, while this difference is up to

7.6% in the case of l-type workers. Notice also that the difference between Ωh and Ωl

increases as w̄ increases, meaning that the rent appropriation effect becomes stronger

for higher values of w̄.

Eventually, when the minimum wage is too high, the increase in the costs of pro-

duction and the consequent reduction in profits imply that firms reduce their demand

for all productive factors, thus offsetting the effects due to the alleviation of the holdup

problem. For a high value of w̄, the levels of k and nl are lower than they would be

were the minimum wage absent.

Figure 6 shows the equilibrium wages of h-type and l-type workers, and the profiles

of welfare and firm profits for different values of the minimum wage. For a marginally

binding minimum wage for l-type workers, the wage of h-type workers increases. This

is due to the complementarity between capital and labor: the increase in the demand

for capital causes an increase in wages through an increase in the marginal product of

labor. Notice that, despite the increase in wages, profits of the firm increase as well.

The effect on the flow of aggregate welfare, computed as the flow in equation (22),

is also positive when the minimum wage becomes binding. Two reasons explain the

positive impact on profits and welfare. First, the minimum wage, when not increased by

too much, partially corrects for the holdup problem. Second, the negative externalities

brought by congestion in the labor markets may be weaker.

5.2.3 A decomposition

In order to understand the importance of the capital demand and rent appropriation

effects over the allocations, we perform the following exercise inspired by Chari et al.

(2007): we assume that Ωh, Ωl and Ωk are wedges that firms take as given when deciding

how many vacancies to open and how much to invest.26 For every w̄ ∈ (0, w̄max] we set

Ωh and Ωl equal to their corresponding values in the benchmark specification when the

minimum wage is not binding. Conversely, Ωk is set equal to the series generated in

Section 5.2.2 for every w̄ ∈ (0, w̄max]. In other words, we shut down the effects of the

26Notice that, if we take the series of Ωh, Ωl and Ωk generated in Section 5.2.2 and plug it in equations
(15), (16) and (20), we obtain the allocations for nh, nl and k depicted in Figure 5.
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change in Ωh and Ωl over the allocations when the minimum wage becomes binding,

and retain exclusively the effect of the change in Ωk, which we have called the capital

demand effect.

Figure 7 shows employment levels of l-type workers in the benchmark case (solid

line) and in the case in which Ωh and Ωl are kept constant at their pre-minimum

wage values (dashed line). For values of w̄ for which the minimum wage is marginally

binding, χl is close to one27 and the changes in Ωh and Ωl are small. Thus, in this

region, the capital demand effect rules the response of nl to the introduction of the

minimum wage. For higher values of w̄, the decrease of Ωh and Ωl actually exerts a

negative effect over nl: keeping Ωh and Ωl constant results in a higher level of nl (the

dashed line is over the solid line). As w̄ becomes sufficiently large, the capital demand

effect quickly dies out and the rent appropriation effect kicks in, causing the solid line

to be above the dashed one. This confirms the claim in Section 5.2.2 that the rent

appropriation effect becomes stronger for higher values of w̄.

It is clear from this exercise that both the capital demand and the rent appropriation

effect exert a positive effect over nl. The capital demand effect is the relevant one for

lower values of w̄, whereas the rent appropriation effect is responsible for the attenuated

effect of a high minimum wage over nl.

27See Appendix C.2.
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Figure 8: Effect of substitutability on Ωh, Ωl and Ωk

5.2.4 Degree of substitutability between labor types

In this section, we argue that the rent appropriation effect is larger, the higher the

degree of substitutability between labor types measured by the parameter ν, while the

capital demand effect is not significantly affected by this parameter. This implies that,

for higher values of ν, the positive effect of the minimum wage over nl is larger. This

finding allows us to reconcile the empirical evidence on the effect of the minimum wage

over employment with the estimates of the elasticity of substitution between labor

types; consequently, we provide a possible explanation to the minimum wage paradox.

In the benchmark parameterization considered in Section 5.1.1, we set ν = 1. This

is the highest possible value such that the production function is concave in nl and nh.

Figure 8 shows how Ωl, Ωh and Ωk change when considering ν = 0.95 and ν = 0.9.28

The top panel of Figure 8 shows Ωl for different values of ν. Notice that for lower

values of ν, which imply lower substitutability between labor types, the initial decrease

in Ωl is more pronounced and the subsequent increase is less pronounced that in the

benchmark case of ν = 1. This implies that the rent appropriation effect is stronger

28We do not show results for the case in which labor types are complements, i.e. ν < 1 − α, because for
those parameterizations we obtain multiple equilibria, as described in Section 3.
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for higher degrees of substitutability. The intuition behind this result is simple: the

more substitutable labor types are, the higher the incentives for the firm are to over

hire l-type workers in order to lower the negotiated wage of h-type workers. Similarly,

the second panel shows that for lower values of ν the decrease in Ωh becomes less

pronounced, as the incentives to overhire h-type workers to decrease the negotiated

wage of l-type workers are less important in this case. Finally, the lower panel of

Figure 8 shows that the behavior of Ωk is not substantially modified by ν, as the

capital demand effect does not rest on the degree of substitutability between labor

types.

6 Conclusions

Common wisdom among economists suggests that a minimum wage should have a

negative effect over employment. The rationale for this is simple: a minimum wage

acts as a price floor that reduces the demand for labor by firms because of the increase

in its cost. However, a large body of literature that has tried to assess this effect in

the data has found either that the introduction (or increase) of a minimum wage has

an insignificant effect over employment, or even that this effect is positive.

This empirical finding of a small response of employment to the introduction of

a minimum wage seems to suggest that substitutability between labor types is small.

This is at odds with the high degree of substitutability usually found in the empirical

literature. This gives rise to what has been dubbed as the minimum wage paradox.

We reconcile these two sets of empirical findings by studying the effects of a min-

imum wage on labor and capital demand in a standard large firm model with search

frictions in the labor market. We are able to generate a slightly positive effect on em-

ployment through an increase in the demand for labor of firms in a context in which

the firm hires two types of labor that are substitutes in production. The impact of the

minimum wage over the demand for labor can be explained by two effects: first, the

minimum wage fosters the demand for capital by alleviating a holdup problem that

leads to underinvestment. We call this a capital demand effect. Second, since labor

types are substitutes, the firm strategically overemploys one type to exert a downward

pressure over wages of the other type. If the minimum wage is binding for one type of

worker, the firm does not share the benefits of over employment with that type, and

the incentives to overemploy exacerbate. We call this a rent appropriation effect.

We perform a numerical exercise and find that the introduction of a minimum wage

causes the demand for capital and the two types of labor to increase. Both the capital

demand effect and the rent appropriation effect work in this direction. Moreover, the
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rent appropriation effect is larger when the degree of substitutability between labor

types is higher.

Given the correspondence between the empirical findings mentioned before and the

results of our model, we believe this type of model proves useful to study issues of

redistribution between types of workers and efficiency in the allocation of production

factors. We leave this exercise for future research.
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A Appendix: proofs

A.1 Proof of Proposition 1

Define f̆(n̆h, n̆l; n̄h, n̄l, k) ≡ f(n̆h + n̄h, n̆l + n̄l, k). Given that fn̆h = f̆n̆h , the system of
differential equations to be solved can be rewritten as{

w̆h = βf̆n̆h + (1− β)rUh − β
∑

j∈{h,l} w̆
j
n̆h
n̆j

w̆l = βf̆n̆l + (1− β)rUh − β
∑

j∈{h,l} w̆
j
n̆l
n̆j .

The solution to this system is given in Cahuc et al. (2008), who use spherical
coordinates to solve for it. This leads to the wage expression

w̆i = βΩ̆if̆n̆i + (1− β)rUi, (31)

where

Ω̆i =

∫ 1
0

1
β z

1−β
β f̆zn̆i(zn̆h, zn̆l; n̄h, n̄l, k)dz

f̆n̆i(n̆h, n̆l; n̄h, n̄l, k)
. (32)

Given the definition of f̆ we introduced above, the front-load factor in equation (32)
can be rewritten as

Ω̆i =

∫ 1
0

1
β z

1−β
β fzn̆i(zn̆h + n̄h, zn̆l + n̄l, k)dz

fni(nh, nl, k)
,

implying the more compact formulation in equation (12).

A.2 Proof of Proposition 2

A.2.1 Capital front-load factor

To obtain equation (16), first notice that, by using equation (1), the fact that w̄ik = 0

and the definition of f̆ in Appendix A.2, equation (14) can be rewritten as

r + δ = f̆k −
∑

j∈{h,l}

w̆jkn̆j (33)

Then, by deriving (31) with respect to k, we have that

w̆jk =

∫ 1

0
z

1−β
β f̆zn̆j ,k(zn̆h, zn̆l; n̄h, n̄l, k)dz, ∀j ∈ {h, l}.

We integrate by parts
∑

j∈{h,l} w̆
j
kn̆j as
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∑
j∈{h,l}

w̆jkn̆j = f̆k −
1− β
β

∫ 1

0
z

1−2β
β f̆k(zn̆h, zn̆l; n̄h, n̄l, k)dz.

Plugging this expression in condition (33) yields

r + δ =

∫ 1

0

1− β
β

z
1−2β
β f̆k(zn̆h, zn̆l; n̄h, n̄l, k)dz.

Finally, by using the definition of f̆ in Appendix A.1, the equation above can be
rewritten as equation (16) with the respective expression for Ωk.

A.2.2 Labor front-load factors

To obtain equation (15), notice first that condition (13) can be rewritten as

c

q(θi)
=
fni − wi −

∑
j∈{h,l} w̆

j
ni n̆j

r + s
, ∀i ∈ {h, l}, (34)

given equation (1) and the fact that w̄ini = 0.
Then, derive (11) with respect to ni:

w̆jni =

∫ 1

0
ζzi z

1−β
β fnjζzj ,niζzi (nhζ

z
h, nlζ

z
l , k) dz

and calculate
∑

j∈{h,l} w̆
j
ni n̆j :

∑
j∈{h,l}

w̆jni n̆j =
∑

j∈{h,l}

∫ 1

0
(χiz + 1− χi)z

1
β
−1
fnjζzj ,niζzi (nhζ

z
h, nlζ

z
l , k)χjnjdz

∑
j∈{h,l}

w̆jni n̆j =

χi

∫ 1

0
z

1
β

∑
j∈{h,l}

fnjζzj ,niζzi (nhζ
z
h, nlζ

z
l , k)χjnjdz

+(1− χi)
∫ 1

0
z

1
β
−1

∑
j∈{h,l}

fnjζzj ,niζzi (nhζ
z
h, nlζ

z
l , k)χjnjdz

By integrating by parts the two integrals in the equation above, we obtain
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∑
j∈{h,l}

w̆jni n̆j =

χifni − χi
∫ 1

0

1

β
z

1
β
−1
fniζzi (nhζ

z
h, nlζ

z
l , k) dz

+(1− χi)fni − (1− χi)
∫ 1

0

1− β
β

z
1
β
−2
fniζzi (nhζ

z
h, nlζ

z
l , k) dz

By plugging this expression in condition (34), we obtain (15) and the respective
expressions for Ωi and Ω̄i. This completes the proof.

A.3 Proof of Proposition 3

A.3.1 Constrained-efficient allocations

We show first how to obtain equations (23) and (24). Define p(θ) = θq(θ). The
first-order conditions of the program in (22) are

c = Vni(nh, nl, k)p′(θi), ∀i ∈ {h, l} ,

and
Vk(nh, nl, k) = 1.

By applying the envelope theorem, we get

(r + s− θ2
i q
′(θi))Vni(nh, nl, k) = fni − b, ∀i ∈ {h, l} ,

and
(r + δ)Vk(nh, nl, k) = fk.

Plugging these two equations in the first-order conditions yields equation (24) and

c

p′(θi)
=

fni − b
r + s− θ2

i q
′(θi)

, ∀i ∈ {h, l} .

Notice that p′(θi) = q(θi)(1− η(θi)). Hence,

c
(
r + s− θ2

i q
′(θi)

)
= (fni − b) q(θi)(1− η(θi)), ∀i ∈ {h, l} .

By rearranging this equation, one can obtain equation (23).
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A.3.2 Efficiency of the decentralized equilibrium

Equations (25)-(27) are obtained by comparing (23) and (24) with the first-order con-
ditions in the case of the decentralized equilibrium. From equations (1), (11), (15) and
(17), the vacancy creation condition can be rewritten as

(r + s)
c

q(θi)
= χi(1− β)

(
Ω̆ifni − rUi

)
+ (1− χi)

(
Ω̄ifni − w̄

)
,∀i ∈ {h, l} (35)

while, as a reminder, the capital investment condition is

r + δ = Ωkfk. (36)

Notice that, from equations (1), (11) and (21), and imposing the equilibrium con-
dition by which w̆i = w̄ when 0 < χi < 1, we can write

rUi =
(r + s)b+ βθiq(θi)Ω̆ifni

r + s+ βθiq(θi)
∀ 0 < χi ≤ 1. (37)

Plugging equation (37) in (35), we obtain

c

q(θi)
= χi(1− β)

Ω̆ifni − b
r + s+ βθiq(θi)

+ (1− χi)
Ω̄ifni − w̄
r + s

. (38)

Equation (23) can be rewritten as

c

q(θi)
= χi(1− η(θi))

fni − b
r + s+ θiq(θi)η(θi)

+ (1− χi)(1− η(θi))
fni − b

r + s+ θiq(θi)η(θi)
.

(39)

Comparing (38) to (39) we obtain conditions (25) and (26). Similarly, by comparing
(36) with (24), we obtain condition (27). This completes the proof.
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B Appendix: numerical algorithm

We briefly describe here the numerical algorithms to solve the examples depicted in
Section 5.

1. Specify the parameter values and functional forms according to Table 1 and ex-
pressions (29) and (30). Set χh = 1.

2. Construct a grid for the minimum wage such that w̄ ∈ [w̄min; w̄max].

3. For every w̄ ∈ [w̄min; w̄max]:

(a) Construct a fine grid for χl ∈ [0, 1].

(b) For every possible value of χl, obtain the equilibrium values of θh, θl, nh, nl
and k such that equations (1), (11), (15), (16) and (20) are satisfied. In order
to compute the integrals in Ωi, i = l, h, k, use a Gauss-Legendre quadrature,
suited to compute the area under a curve.29 Compute w̆i in each case.

(c) Given Definition 1:

i. if w̆l > w̄ for χl = 1, then set χl = 1

ii. if w̆l < w̄ for χl = 0, then set χl = 0

iii. if w̆l < w̄ for χl = 1 and w̆l > w̄ for χl = 0, then set χl such that w̆l = w̄

(d) Check that the equilibrium is unique, i.e., only one of the previous situations
arises.

29To compute the integral, we use 100 quadrature nodes.
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C Appendix: numerical results

C.1 One labor-type case: χl
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Figure 9: Evolution of χl
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C.2 Two labor-type case: χl
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Figure 10: Evolution of χl
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